Vinastudy - Trwdng hoc Todn truc tuyén lién cidp danh cho hoc sinh trén toan qudc
Chuyén boi dudng Toan tir 16p 4 dén 16p 12

BOI DUONG NANG LUC TOAN 11
DPU'ONG THANG VUONG GOC VOT MAT PHANG
Tai liéu 16p hoc 11A1 - 18h - 21h15 - T6i thi ndm - 23/26 Nguyén Hong

Ho va tén............ Ngay hoc:
1. Dinh nghia

+) Pudng thing d duoc goi la vudng goc v6i mit phang () néu d vuong ‘ J

goc v6i moi duong thang a chira trong mét phang (a’) . / N \
o i

+)Ki hidu d L (a) hay (e) Ld. |

2. Pinh li

+) Puong thang vudéng goc véi mit phang néu né vudng goc v6i hai duong thang cit nhau cing chira

trong mit phang ay.

Hé qua: Néu mot duong thang vudng goc voi hai canh ctia mot tam giac thi né ciing vudng goc véi

canh con lai ctia tam giac do.

3. Tinh chat

+) C6 duy nhat mot dudng thing di qua mot diém va vudng goc véi mot mat /A.
@

phang cho trudc.

+) C6 duy nhat mot mit phing di qua mot diém va vudng goc vi mot duong ’
thang cho trudc.

B
+) Mt phing trung truc ctia mot doan thing 1a mit phang di qua trung p
diém cuia doan thang va vuong goc véi doan thang do. M :

A
+) Mot mit phang vudéng goc véi mot duong thang thi nd ciing vudng goc
v6i bat ki dudng thang nao song song dudng thing ay. l i
+) Hai duong thang phan biét cting vuéng goc voi mot mét phing thi song / L

al bl

song va&i nhau.

+) Mot duong thang vudng goc véi mot mat phang thi né cling vudng goc

v4i bat ki mit phing nao song song mit phing ay. /
b

+) Hai mat phang phan biét cing vudng goc voi mot dudng thing thi song

song va&i nhau. /
o
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+) Mot duong thang vudng goc véi mot miat phang thi né ciing vudng goc b

v4i bat ki duong thang nao song song mit phang ay. / l
+) Néu mot dudng thang va mot mit phang (khong chira duong thang do) o

cing vudng goc voi mot dudng thang khac thi ching song song véi nhau.

4. Phép chiéu vudng géc

a. Phép chiéu vudng géc

Cho dudng thang A va mit phing (@) vudng goc v6i nhau. Phép chiéu song song theo phuong clia A
1én mat phang (a’) duogc goi 1a phép chiéu vudng goc (goi tdt la phép chiéu) lén mat phang (a).

b. Dinh ly ba duwdong vuéng goc
’\bg

Cho duong thang a chira trong mat phang (a) va b 1a duong thang

khong chita trong () dong thoi khong vudng goe véi (@). Goi b’ 1a /a/ A7 B

hinh chiéu cta b trén (a). Khi d6 a vudng goc voi b khi va chi khi a vuéng goc véi b'.

c. Géc giira dwong thang va mit phang

Cho dudng thing d va mit phang (). A 4

+) Néu duong thang d vudng goc véi mat phang (a’) thi ta n6i goc gitia / I
(04

3 d' H O
chiing bang 90°, ki hi¢u d L (a) .

+) Néu duong thang d khong vudng goc véi mat phang (a) thi goc giita chung bang goc giita dudng
thang d va hinh chiéu vuéng goc ciia duong thing d trén mit phang (a) .

DANG 1. CHUNG MINH BPUONG THANG VUONG GOC VOI MAT PHANG
Cau 1: Cho hinh 1ap phuong ABCD.A'B'C'D’. Chimg minh rang:
a. AC' L(A'BD). b. AC' L(CB'D').
Céu 2: Cho hinh chép tir gidc S.ABCD c6 day ABCD 1a hinh vudng. Hinh chiéu ctia dinh S tring voi
tam cua day. Goi E la diém d6i xing cia D qua trung diém S4. Goi M, N, I lan luot 13 trung diém

ctia AE, BC va AB. Ching minh ring BD L (MNI).

DANG 2. CHUNG MINH HAI PUONG THANG VUONG GOC
Cau 3: Cho hinh chop S.ABCD c6 day ABCD 1a hinh vuéng vacod SA L (ABCD) . Chirng minh rang
SCLBD.

Cau 4: Cho hinh chop S.ABCD c6 ddy ABCD la hinh vuong tam 7, canh bén S4 vudng goc voi day.
Goi H, K lan luot 12 hinh chiéu ciia 4 1én SC, SD. Chimg minh HK L SC.
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Cau 5: Cho hinh chép S.4BCD diay ABCD la hinh thang vuong tai 4 va B. Biét SA L (ABCD),

AD =2a, AB = BC = g . Chling minh ring tam giac SCD vudng.
Cau 6: Trong mp(P), cho tam giac déu BCD.Goi M la trung diém cia CD, G 1a mot diém thudc
doan thang BM . Liy diém A nam ngoai mp(P) sao cho G la hinh chiéu vudng goc cta A trén mp(P).
Chimg minh ring AB L CD.
Cau 7: Cho hinh chép S.ABC c6 ddy ABC la tam gidc vudng tai 4 va c6 SA L (ABCD). Ching minh
rang AC L SB.

DANG 3. GOC GIUA PUONG THANG VA MAT PHANG
Cau 8: Cho tir dién déu ABCD . Tinh cosin goc gitta AB va mp(BCD) .
Cau 9: Cho tam giac ABC vudng can tai 4 va BC =a . Trén dudng thang qua 4 vudng goc véi

a6
2

(ABC) lay diém S sao cho S4 = . Tinh s6 do géc gitta dudng thing SB va (ABC).

Cau 10: Cho hinh chép S.ABCD c6 ddy ABCD la hinh thoi, O la giao diém ctia BD va AC . Biét
SO L (ABCD) va BD=4a, AC =2a, tanSBO = g Tinh 56 do cua goc gitta SC va (ABCD).

Cau 11: Cho hinh chép S.ABCD c6 didy ABCD 1a hinh chit nhat. M 1a trung diém CD. Biét
SA=SC=SB=5SD=a\2 , duong tron ngoai tiép ABCD c6 ban kinh bang a. Goi o 1a goc giita SM
va mat day. Tinh tan o .
Cau 12: Cho hinh lap phuong ABCD.A'B'C'D’ canh a.Diém M thudc tia DD’ théa min DM = a6
Tinh goc giita dudng thang BM va mit phang (ABCD) .
Cau 13: Cho hinh 1ap phuong ABCD.A'B'C'D’ ¢6 canh bang a. Tinh tan goc gitta duong chéo AC’
va mit phing (4'BCD').
Cau 14: Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vudng canh bang a c6 S4 vudng goc vGi mit
phing (ABCD) va SAd=a-/6.
a. Tinh goc gitta SC va (ABCD). b. Tinh tan cua goc gitta SC va (S4B).
c. Tinh sin cua goc gitta AC va (SBC).

DANG 4. TIM THIET DIEN
Cau 15: Cho hinh chop S.4BC, c6 day ABC la tam gidc déu canh a, SA=2a va SA vudng goc Vi

mit phang day. Goi (a’) la mdt phang di qua diém B va vudng goc véi canh SC. Tim thiét dién cua tir

dién bj cit boi (@) va tinh dién tich thiét dién do.
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Cau 16: Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vudng va canh S4 vudng goc voi mat phang

(ABCD) . Dung thiét dién véi hinh chép S.ABCD khi cit boi mit phang qua 4 va vudng goc véi SC.
Cau 17: Cho hinh chép S.ABC c6 ddy ABC la tam giac déu canh a. Goi H la trung diém BC, O la
trung diém cia AH va G 1a trong tAm ciia tam gidc ABC. Biét SO vudng gdc mit phang (ABC) va
SO =2a. Tinh dién tich thiét dién véi hinh chép S.4BC khi cit boi mit phing (P) diqua G va vudng
g0c voi AH .

Céu 18: Cho hinh chép S.ABCD c6 day ABCD 14 hinh chit nhat, S4 vudng goc véi mit phang day.
Goi () 1a mét phang di qua 4 va vudng goc v6i SB . Khi d6, mit phing (a) cét hinh chép S.ABCD
theo thiét dién 12 hinh gi.

Giao vién: Tran Lé Cuwong
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BOI DUONG NANG LUC TOAN 11
GIOT HAN HAM SO
Tai liéu 16p hoc 11A1 - 18h - 21h15 - T6i thi ndm - 23/26 Nguyén Hong

Ho va tén............ Ngay hoc:
A. Ly thuyét

1) Gi6i han ciia ham so tai mot diém

a) Gioi han hitu han

Cho ham sb f(x) xac dinh trén khoang (a; b) , ¢6 thé trir diém X, € (a; b) . Néu vé6i moi day sb (xn)
ma x, €(a; b)\{x,}; limx, = x, ta déu c6 lim f(x,) = L thi ta noi ham 56 f(x) c6 gi6i han la s6 L
khi x dan dén x,. Khi d¢ ta ki hiéu }i_g%f(x)zL hoac f(x)— L khi x — x,.

b) Gioi han vé cuc

Twong ti nhw cdc diéu da néu trong phan a, néu L la +oo thitanéi f (x) ¢6 gidi han vo cuc khi

x = x, vaki hiéu lim f (x)=c0 hay f(x)—)ioo khi x — x,.

X=X
2) Gidi han ctia ham so tai vo cuc

Cho ham sé f (x) xac dinh trong khoang (a; + oo). Khi d6 néu véi moi diy sb (x

n) voi
x, > aVn, limx, =+ ta déu co
lim f (xn ) =L (hodc +%, —o0) ta ndi ham sb f (x) c6 gidi han 1a L (hodc 400, —o0) khi x dan t6i vo

cuc. Khi d6 viét lim =L (hay o) hodc f(x)— L (hay o)

X—>+0

Khi x — +o0 ham s6 f(x) trong (—o0; b), v6i moi ddy (x,) ma x, <blimx, =— ta déu c6
lim f(x,)=L (hay +o0)thitaco lim f(x)=L (hay +o0)hodic f(x)—> L (hay +o0)khi x —>—o0
Mot s6 gioi han cua ham $6 tai vé cuc

. . C 7. \ M A
*lim c=c; lim —=0 véi ¢ 1a hang so

x—>*oo x—to x

* limlzo, liml=0

X—>—0 X X—>+00 X

* lim x* =+o0 (v6i k € N *); lim x* = +o0 néu k chan va = —o0 néu k 18,
X—>—0

X—>+0

1 1
* lim — = lim — (ke N*
fim = Jim 7 (ke N7)
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3) Mot s6 dinh li vé gi6i han hiru han

Pinh Ii 1: Néu lim f(x)=L, lim g(x)=M, c 1a hing s0 thi

X=X

* 1im[f(x)ig(x)}=LiM

X=X

* lim[ f(x).g(x)]=L.M va limc.f (x)=c.L (cla hing s6)

* Néu M %0 thi TimZ ) _ L
X=X g(x) M
* 1im f(x)|=|L|

X=Xy

* i () =4
* lim [/ (x) =VL véi L>0

Pinh li 2: (Nguyén li kep)

Cho ham s f'(x), g(x), h(x) xac dinh trén K chtra diém x, (c6 thé cac ham d6 khong xéc dinh tai x, ).
Néu g(x)< f(x)<h(x) VxeKva lim g(x) = lim h(x) = L thilim f(x)=L.

Cac gidi han dic biét

+ lim x* =+00; lim x**
X—>+00 X—>+00
(x—>—0) (x—>—o)

=400 (—0)

+ lim f(x) =+ (—oo)<:>limL:O (k#0).

X=X, f(x

4. Gid¢i han vo cuc

a) Quy tic 1. Cho lim f(x) = +oo; lim g(x) =L # 0. Ta co:

lim £'(x) Déu ctia L lim [ f(x).g(x)]
+00 t +oo
—0 + Fo

b) Quy téic 2. Cho lim f(x) = L;lim g (x)=0;L #0. Ta cé:

Dau cta L Déu cia g(x) )
0 g(x)

+ + Foo

— + F
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II. Giéi han mét bén

1. Gi6i han hiru han

a) Pinh nghia 1

Gia sir ham s6 f xac dinh trén khoang (xo;b),(x0 € R) . Ta néi rang ham s6 f c6 gidi han bén phai la
s thye L khi x dan dén x, (hodc tai diém x,) néu véi moi ddy sb bat ki (x,) nhing s thudc khoang
(%,;6) ma limx, =x, tadéucé lim f(x,)=L.Khi d6 ta viét

Xlirxr{f(x)zL hogc f(x)— L khi x - x," .

b) Dinh nghia 2

Gia sir ham s6 f xac dinh trén khoang (a;xo),(x0 € R) . Ta néi rang ham sd 1 ¢6 gi6i han bén tréi 1a
sb thue L khi x dan dén x, (hogc tai diém x,) néu véi moi day bat ki (x,) nhimg sb thuoc khoang
(a;x,) ma limx, = x, ta déu co lim f(x,)=L Khidé ta viét

lim f(x)=L hodc f(x)—)L khi x — x,” .

X—>Xg

Chuy:
1. limf(x)=L<:> lim_f(x)z lim+f(x)=L.

2. Céc dinh 1i vé gi6i han ciia ham s van déng khi thay x — x, bdi x — x,” hodc x — x," .
2. Giéi han vé cuc

+ Céc dinh nghia lim f(x)=+o0, lim f(x)=-o , lim f(x)=+0 va lim f(x)=—-o dugc phat bicu

tuong tu nhu dinh nghia 1 va dinh nghia 2.

+ Cac cha y 1 va 2 van dung néu thay L boi +oo hodc —oo .

B. Bai tap
Dang 1. Str dung dinh nghia giéi han diy s6 va nhirng quy tic co ban

Phuong phap gidi.:

* Theo dinh nghia thi giéi han ham s6 f (x) trén co so gioi han cac day f (xn) .

Néu c6 2 day x, va x/ cing tién dén x, ma lim £ (x, )= lim f"(x/) thi khong ton tai lim £ (x)

X—>Xy

oo & R T . . .1
* V&1 moi s0 nguyén duong £, ta ¢6: lim x* = +o0; lim x** = +o0, lim x***' = —c0, lim — =0

X—>+0 X—>—0 xX—>—0 xX—>to0 xk

* Xac dinh dau 400 hodc —o duya trén dau cua tich so, thuong s0, x — x;, x > x,, x = t©
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Cau 1. Tinh gidi han cua cac ham so

a) f(x)= 22\/_ khi x —3 b) £(x) =210 i 0

2x"—x-6

Cau 2. Tim céc gidi han sau:

a) lim [xZ _lj b) lim (4_x2j c) lim[—”ﬁ'HJ

-2 x+4+2 x—6 x—6

Cau 3. Tim céc gioi han sau

- . (2 +x-1
2) nm(2x 6} b) hm[ 17 ) o) lim | X +x71
X—>+0 4—X x>+ |y +1 X—>+0 3+X

Cau 4. Tinh céac gidi han sau

a) lim (2x +3) b) lim =X 2% ¢) lim TN +!

x—>-3 X+ 1 -l x

Cau 5. Tinh cac gidi han sau

a) lirg(\/x+2+3/;) b) lim X 2% ¢) lim L”‘“

=3 x4l =1 x* —x+1

Cau 6. Chimg minh rang khong ton tai gioi han lim(sin lj

x—0 X

Dang 2. Khir dang vé dinh vé 0/0

Xét bai toan: Tinh lim ~——~ f(x) khi lim f(x)=lim g(x)=0, trong d6 f(x), g(x) la cac da thic va can

X—>Xg g (x) X=X X=X

thaec.

Phuong phap giai:

Phan tich tr v mau thanh cac nhan tir va gian udc: }gg ?x) lim (xT)B(x) Jim = (x)

Néu 4 (x) , B(x) déu chira nhan tir x — x, tasé tiép tuc phén tich thanh cac nhan tir.

Chu y:
-Véi f (x) , g(x) 1a da thire (thuong 1a ham sé bac hai, bac ba, bac bon...) thi ta phan tich nhén tur

bang viéc giai phuong trinh £ (x) =g (x) =0
-Voi f (x) , g(x) 1a can thirc, ta s& st dung phuong phap nhan lién hop (lién hop s6 hoac lién hop

bién) dé phan tich nhan tir.
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- St dung cac héng dfmg thtrc, nhom s hang, phan tich ra thira s6 béc 2, chia da thire, so d6 Hobene,. ..

- Chia tach thanh cac phan thirc bang cach thém bét dai lugng don gian nhat theo x hodc hang s6 ma cac

gi6i han méi van giit nguyén dang vo dinh %

-Néu lim f(x)+o0; lim g(x) =00 thi lim[(x)+g(x)]=+o0; lim[(x).g(x)]=+o0

X—>Xg X=X

Cau 7. Tim céc gioi han sau

2 —
2) lim*—>X "2 b) lim
x—2 x—=2 x—2

3 —
¢) lim %, X2 d) lim
-1 x" —4x+3 x—1

Cau 8. Tim gidi han cac ham so sau:

42 3 2
2) limx2 x =72 b) lim ™ 45x +23x+9
=3 x"=2x-3 =3 x"—8x" -9
_ 2 6 4 _ 4
¢) lim X=X 4 d) limX—4¢
ol (l—x) ¥oa x—q
Cau 9. Tinh céac gidi han sau
2 _ W
2) lim—- 10 b) lim
=4 x7 4+ x-20 >2x7 48
Cau 10. Tinh céac gidi han sau
3 32
2) lim jc 3x+2 b) lim =~ 2x +2x+4
=l x” —x" —x+1 x>l x =3x-4
Cau 11. Tinh céac gidi han sau
3 _ 2 _
2) 1imx4 3x+2 b) lim4x -3I-x 18
-1 x" —4x+3 x—2 x -

Cau 12. Tinh céc gidi han sau

2 1
a) lim - b) lim
) xﬁl(xz_l X—lj ) x—l1
Cau 13. Tim gidi han cac ham s6 sau

a) lim Y32 b) lim

x—7 49 — xz x—2

X=X

x*=2x

2x* +6x—4

X =xt—x+1

—x*+3x-2

1 B 3
I-x 1-x°

2—~x+2

x*=3x+2

X=X

. X 43x+2
c) 11m2—
=22x" +x-6

. xt—6x"-27
o) lim ————-—
=3x 4+3x"+x+3

xX=x*=72
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Cau 14. Tim gidi han cac ham so sau

o 1=x"+3 C NAx+1-3  ox—~/x+2
=l —x" +3x-2 =2 x" -4 =2 xT—8

Cau 15. Tim gidi han cac ham so sau

Yx +1 1-31-x

a) lim b) lim
) —>-12x% +5x+3 ) =0 Qx+ x*
. x+12+x .3
¢) lim ———— d) lim ————
=2 x"4+2x =Lyt +x" =2

Cau 16. Tinh cac gidi han sau

N2x+T7+x-4 X =3x-2 N +3+x° -3x

a) im————— b) im——MM— ¢) lim
) =l —4x7 +3 ) =1 xP -] ) -1 x-1
N1+ mx =1+ mx?

Cau 17. Cho ham s f (x) = . Tim gié tri thyc cta tham s& m dé ham sé f (x) co

5x
gidi han bang 1 khi x dan toi 0
Gido vién: Nguyén Thanh Long
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